In this work we study the Silver mean sequence based on substitution rules by means of a transfer-matrix approach. Using transfer-matrix method we find a recurrence relation for the traces of general transfer-matrices which characterizes electronic properties of the quasicrystal in question. We also find an invariant of the trace-map.
I. INTRODUCTION
Since the discovery of quasicrystals in nature [1], aperiodic structures have been extensively studied in condensed matter physics (see for e.g. [2] - [5] ) and also in mathematics (see [6, 7] ). One of the main questions in the theory of one-dimensional aperiodic structures is to find the relationship between their atomic topological order and the physical properties [4] , [8] . The 1D aperiodic sequences are characterized by the nature of their Fourier spectrum. We define a 1D quasicrystal as a 1D aperiodic sequence with pure point Fourier spectrum. In this article we concentrate on the study of the Silver mean sequence, which is common 1d quasicrystal.
A convenient way to study the electronic spectrum of a 1D quasicrystals is the trace-map technique, introduced by Kohmoto, Kadanoff and Tang [9] . Using this method the relations for transfer-matrices and their traces for the Fibonacci sequence were obtained [9, 10] . For generalizations of the trace-map to other one-dimensional aperiodic sequences see [11] - [17] and references in [4] . 1D quasicrystals can be described by the 1D discrete Schrödinger equation with quasiperiodic potential
where ψ n is a wave function on nth site, ǫ n could take two values ǫ A or ǫ B . The equation (1) has been studied in many articles (see, for example, references in [4, 8] ) and it is an adequate model for considering qualitatively the effects of the aperiodicity on the electronic structure. One can rewrite the Schrödinger equation (1) in the matrix form
where
is the so-called transfer-matrix at the n'th site. The general transfer-matrix M n connecting the wave function (ψ n+1 , ψ n ) and (ψ 1 , ψ 0 ) defined by
with the general transfer-matrix
Solving the Schrödinger equation (1) is equivalent to calculate products of transfer-matrices. The allowed regions of the energy spectrum are determined by the condition
From a mathematical point of view this condition means that is that if M (n) is the matrix of an area-preserving linear transformation of a plane into itself, then the mapping is stable if |tr (M n ) | < 2, and unstable if |tr (M n ) | > 2 (for more details see [18] ).
II. SILVER MEAN SEQUENCE
To construct the Silver mean sequence we use the two-letter substitution rules:
One can furthermore construct the Silver mean sequence in analogue to the Pell numbers [19] P n = 2P n−1 + P n−2 (8) with P 1 = A and P 2 = B. Some authors call this sequence " intergrowth sequence" [20] - [22] or " octonacci sequence" [23] - [25] . The corresponding general transfer-matrix M n for the Silver mean sequence can be written as follows:
This expression can be proven by induction [26] . Using the Cayley-Hamilton theorem for 2 × 2 matrices M n with detM n = 1, i.e.
one can easily obtain the following expression:
By taking the trace of (11) and using the expression tr (M n−2 ) = tr M 2 n−1 M −1 n and tr (M ) = tr M −1 we find the recurrence relation for the traces of the general transfer-matrices
In contrast to [16, 17] we show that the recurrence relation (11) can be expressed in terms of tr (M i )'s only. This recurrence relation is useful for analytical calculations, as well for numerical computations. From the physical point of view these traces are important because they determine the structure of the energy spectrum of quasiperiodic sequence. For instance, using (11) one can calculate forbidden and allowed regions in the energy spectrum [16] , the Lyapunov exponent [27] , etc. For other physical applications see [3, 4, 8, 27] and also [28, 29] . Following [10] one can define a three-dimensional vector r = (x, y, z),
2 tr (M n−1 ) and then alternatively express (11) as
This nonlinear map has an invariant, i.e. it is the same for any n'th generation:
If we now redefine z as
expression (13) becomes
This is the same result which was found in [16, 17] .
III. DISCUSSION
In this paper we considered the trace-map associated with the Silver mean sequence. We found the recurrence relation for the trace of the general transfer-matrix of the Silver mean sequence. We have shown that this recurrence relation can be expressed in terms of tr (M i )'s only. Finally we found an invariant of the trace-map. The recurrence relation and invariant of the trace-map are closely related to the spectral properties of the sequence in question 1 . This invariant plays an important role in understanding quasiperiodic sequences [31] .
